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Abstract. The one-dimensional motion of an isentropic gas has long been known to be
characterised by the presence of Riemann invariants; the choice of the latter as independent
variables results in an essential simplification of the system of Euler equations which
becomes linear. Another case which also presents Riemann invariants was discovered
about 1954 by Stanyukovich and by Martin and Ludford; the LMs gas and the isentropic
gas have been shown to be mathematically equivalent. These two celebrated cases of
integrability are shown here to be but particular cases of a more general class of entropy
distributions, for which Riemann invariants are here constructed.

1. Introduction

The compressible flow of an ideal gas is governed by the well known Euler equations,
which constitute a hyperbolic system possessing two distinct systems of characteristic
curves, (C”) and (C™). These curves play an essential role both from the point of
view of the physics and of the mathematical analysis and it is usually very convenient
to choose characteristic coordinates (a, 8) as independent variables, rather than the
Eulerian coordinates, r, t, or the Lagrangian coordinates M, t (M here denotes the
Lagrangian mass). The (C”) curves are then those on which a remains constant and
the (C7) curves those where 3 is constant. From that definition, it is apparent that
a, B are only defined up to a transformation of the general form

a'=f(a) B'=g(B) (1.1)

where the functions f and g are both arbitrary. Thus the system of Euler equations,
which is of second order when the entropy distribution is specified, becomes a fourth-
order system in the characteristic formalism, owing to the presence of the two arbitrary
functions. There exists however a remarkable exception, which is the case where a
special choice of characteristic coordinates I™, I” may be selected out of the whole
set (1.1), i.e. when ™ may be determined explicitly and unambiguously. These may
be called Riemann invariants, after the work of Riemann [1]. In such a case the
characteristic equations written with respect to the variables I™ remain second order.

Another advantage of the presence of Riemann invariants (rR1) is that, at least in
certain favourable cases, they directly lead to an expression of the general integral in
closed form, as pointed out by Gaffet [2], namely when the Euler equations present
a symmetry, denoted (T) (i.e. (T) is a contact transformation or, more generally, a
Bicklund transformation) the r1 I™ transform into (other) quantities K=, but the
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characteristic curves themselves remain unchanged [3]T. Under such conditions the
quantities I*, K* must be related by an equation of the form of (1.1):

K*=f*(I"). (1.2)

If the quantities K* and I~ are independent, as is frequently the case, the f* cannot
be fixed functions and therefore are ‘arbitrary’, i.e. their choice depends upon the
initial and boundary data. Then (1.2) constitutes an expression of the general integral
in closed form ({2], equation (5.3)).

2. The two cases already known to possess Riemann invariants
Following the notation of [2], we write the Euler equations for a polytrope of index
v in the following form:
P=p*c(M)
dM =p(dr—uvdt) (2.1)
v,+ Py =0

where P, p, v denote the pressure, density and fluid velocity, M is the Lagrangian mass,
and subscripts indicate partial differentiation; o may be called the adiabatic invariant.
In cases where the distribution (M) is power law we define the ‘entropy index’ b as

o(M)x1/M". (2.2)
The sound velocity is related to P and p by the well known formula
2= yP/p. (2.3)

The characteristic formulation may be derived by the method of Courant and
Friedrichs [4], and has already been given in [2]; we shall repeat it here for convenience:

r,=(v=c)t, (2.4a)
P, =+pcy, (2.4b)
M, =—pct, (2.4¢)

plus three corresponding equations with respect to the variable 8, obtained by changing
¢ to —c. It is of interest to note another form equivalent to (2.4b):

(y=1)v, —2¢, =—-b(P/M)t, (2.5)

valid for a power law entropy distribution.

2.1. The case of isentropic flow [1]

The derivation of Riemann invariants becomes straightforward if one starts from the
characteristic formulation (2.4). In the isentropic case b =0 and equation (2.5) may
be integrated to give

v—2¢/(y—1)=g(B).

t This result has an obvious physical interpretation: two solutions which differ only slightly, and only in
the neighbourhood of one characteristic, must under the transformation (T) go over into two new solutions

which also coincide almost everywhere, i.e. everywhere except near one characteristic. That is, a characteristic
must be transformed into another characteristic.
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Hence the two RI:
F=px2¢/(y—1). (2.6)

It is easily verified that eliminating M from equation (2.4¢) yields an equation for
t(I*, I7) which is not only of second order but also linear.

The cases of isentropic flow where ¥y =(2n+1)/(2n — 1), with n integer, are known
to be mathematically equivalent to the case y=3 [5].

For the latter case (v =3) we have shown in [2] that there exists an exact symmetry
(T*) of the Euler equations having the properties ¢c*=ct, v*=vt—r. Thus (T%*)
transforms I* = (v = ¢) into a new pair of Riemann invariants K*= (v £ ¢)t—r and as
a result the general solution may be written down in closed form in the following way:

(vxe)t—r=f*(v=c). (2.7)

Equation (2.7) is a classical result which may also be found in [5].

2.2. The Ludford-Martin-Stanyukovich (LMs) gas
This is the case characterised by a power law entropy profile with index
b=3y-1. (2.8)

It was first considered by Stanyukovich [6], who showed that it is mathematically
equivalent to the isentropic case (b =0). Later on, this problem was more extensively
studied [7, 8 p 200, 9, 10]. In particular, Martin and Ludford [7] have noted the
presence of a pair of Riemann invariants, which are

I*=M<v:t(‘y_l)>—ﬂ (2.9)

where II represents the first integral of momentum, defined up to an arbitrary additive
constant by

dll=vdM - Pd: (2.10)
or, in characteristic form ([2], equation (3.13))
,=(v+c/y)M,. (2.11)

The transformation, which we denoted by (T), relating the isentropic and Lms gases,
can be interpreted in terms of an M-dependent rescaling of the system of units, as
shown in [2].

3. New cases of one-dimensional gas flow possessing Riemann invariants
Our starting point is that generalised Riemann invariants may also be constructed for
the case

Pxp’/M* (3.1

i.e. when y=3 and b=4. However, it has also been shown by Gaffet [11] that such

an equation of state is mathematically equivalent to the more general entropy distri-
bution

P=p(as+a,M+a,M?)™* (3.2)
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where a,, a, and a, are arbitrary constants. Therefore, r1 will also be present for the
three-parameter class of entropy profiles (3.2). We now proceed with the derivation,
assuming the power law profile (3.1).

3.1. The characteristic coordinates &,

It is worth recalling here that the quantity
v¥=ovt—r (3.3)

plays a role completely analogous to that of the velocity v itself {2, 12]. Then the first
step in our derivation of the Riemann invariants will be to show that the expressions

@ =M(v,0%, — viv.,)
R (3.4)
B =M (vsvfs— vivpg)

are characteristic coordinates too.
In view of the complete symmetry of the roles played by (C™") and (C ™) characteris-
tics, it will be sufficient to give the proof for B say, i.e. we must calculate

,éaEM(,[UBUE;—vsz]*—M[UBU?;ﬁ—vEUBB]a (35)

and show that it vanishes identically.

The above expression involves second-order derivatives, both of the mixed type,
such as v,g, Xz, and also the unmixed derivatives vgs, vjs. It also involves third-order
derivatives of the type v.gs, v¥z5. We show in the appendix that the second-order
derivatives of mixed type can all be expressed in terms of the first-order derivatives
only and as a consequence the third-order derivatives involved can all be reduced to
second-order unmixed derivatives such as vgg, vjg. We also show in the appendix
that the coeflicients of the latter in (3.5) are identically zero and that the remaining
expression involving first-order derivatives vanishes identically as well. This completes
the proof that B8 is a function of B only, and hence a characteristic coordinate. One
can show in the same way that & is a characteristic coordinate as well.

3.2. The pair of Riemann invariants I~

In view of the fact that ,é, as defined by (3.4), is cubic in the differential dg, it is natural
to form the quantity

B =g(B) (3.6)

and its primitive

1-=j ¢(8) dp. (3.7)

Clearly, I™ is a characteristic coordinate as well and furthermore it is independent,
by construction, of the choice of 8. In fact, the only ambiguity remaining in the
definition of I~ is the presence of an arbitrary additive constant, the integration
constant. Therefore I is a Riemann invariant.
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It is possible to rewrite it in a manifestly intrinsic form by returning to the Lagrangian
independent variables M, 1. The transformation of variable (from «, 8 to M, t) may
be performed by means of the following relations ([2], equation (3.12)):

aa = ta(al‘—pcaM)

(3.8)
65 =1t5(8,+ pcan)
where the symbol & denotes the operator of partial differentiation and
1
2t, da=dt——dM
pc
(3.9)
1
2tpdB=dt+—dM.
pc
It is useful to introduce a quantity h~ whose definition is intrinsic:
% % + %
h-;%:wﬂ' (3.10)
Ug v, + PCUAy
In terms of h~, we have
VaUks — Vhvgs = v5hj (3.11)

and hence
dI"/dB=M" vy (hp)'"?
=M t5(0,+ peva )2 (hy + pehyg)'3. (3.12)
Furthermore, 3/ "/3a =0 as has already been shown.
Thus we obtain the following expression for I”, which is manifestly intrinsic:
dI™=3M"?(v,+ pcvp )2 (hy + pchyy) (At +(1/ pc) dM). (3.13)

A corresponding expression may be derived for I” by changing ¢ to —c everywhere
(including in the definition of h~, which becomes h™).

It is worth noting that I™ is the potential associated with a conservation law, in
the same way that Il in (2.10) is the potential describing momentum conservation ([2],
§ 3.2). The conserved current flows along the equipotentials, which in the present case
are the characteristics.

In conclusion we have obtained two new conservation laws, together with the two
potentials 17, I~.

4. The case of arbitrary entropy distributions

We restrict ourselves here to the consideration of polytropes y = 3.

4.1. A new Lagrangian variable

For arbitrary entropy distributions, it will be convenient to rewrite the system of
characteristic equations (2.4) in the form given in [2] (equations (3.2)-(3.5)):

ro=(v—0)t, rg ={(v+c)tg (4.1a)
(v —Ca) =+pc’t, (vﬂ+cﬂ)=+p,c3tﬁ (4.1b)
v, =-ct, Vs=+ct, (4.1¢)
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where
d¥ =V3oc dM (4.2)
and u is a Lagrangian variable related to the slope of the entropy profile:

_ldlno
H=6 av

(4.3)

We note the following identity relating first-order derivatives:
(v5+c)te = (Va = Ca)lp. (4.4)
Now, as a generalisation of the expression (3.4) we propose for arbitrary o(M):
B=o(M)™"*(v}vgs — va0ks)
= o 4(H,+ cH.) (4.5)
with
H, = vgta(cg — vg) (4.6)
H, = (vgtgg — tg¥ag)-

In the same way as in § 3 (see also the appendix) we now calculate the a derivative
of B. We have

3H
c'*B, =Hm+—2—cl(va—-ca)+a‘/4{0'_‘/“cHz}a (4.7)

and, of course, B, will not in general vanish.
As in § 3, the second-order mixed derivatives appearing in (4.7) can be reduced to
first-order derivatives, through the following reduction formulae:

Ctog = —(Calg + Cals)
= +(Vpln — Valg) (4.8)
2CUup = (VaCp + UpC, ). (4.9)
We note that v,z and ¢, are ‘proportional’:
20ap = —pCtop. (4.10)
For ¢,g we find
$0Cap = (Calp — Vol +2C4Ca) + (U — Co ) (05 + C5)
= (0,05 — UpCa T 20,05) + (¥ — 2)(v, — Co W1z + ¢5) (4.11)
where the new Lagrangian coordinate v is related to the second derivative of (M) as

2d(1/p)
3 av (4.12)

V=

The following relation also turns out to be useful:

20(Vap —3Cap) = (Vo — € )[2¢5 — v(vg +¢5)]. (4.13)
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Concerning the double 8 derivatives, only two of them are found to be independent.
For example, the derivatives vgg, cgs, tzs are linked by the relation

IU(DBB+C‘33)+(CQ_DO)IBB=tB(3UQB—C“B) (414)

valid independent of the entropy profile o.
Now third-order derivatives arise from the last term in (4.7) only:

201/4(0-_”401-12)& = 2C(U6ta3ﬁ - IBU‘JBB)
+ 2C(UQBIBB - IQBU;;B) + (3UQ - ca)(vﬁtﬂﬁ - tﬂvﬁﬁ)‘ (4.15)

The third-order term can be changed to second order by means of the reduction
formulae (4.8)-(4.11):

2¢(vgtapp — t5Vaps)
=(3up+ ) (taps — Valp) +20( 0 — gl tap + (15/ ta) Cap(Vats — Vpla)
+ (ta/ ta) Vapl(cs —20p) ta —30alg]. (4.16)
The second term in (4.15) is similarly reduced to
2¢(Vaplap — tagUsp) = (30 + €5 ) (Valgs — talpg) + (Ca — 304 )(Uptas — talpg)- (4.17)

Thus it is found that all second-order B-derivative terms cancel out in the expression
(4.15), which is therefore expressible in terms of first-order derivatives only:

2007V cH,) o =205( 05 — Ca) tag + (1a/ 1o ) Cap(Vals — Ugly)

+(ta/ ta) Vapl(cs =200t —30ats]. (4.18)
The evaluation of the remaining terms in (4.7) is straightforward. We find

H,, =13(cs —203) Vo + UglaCap + Vs (Cs — Up ) tup (4.19)
and hence the result
20'*B, = (15/ to) Cap(Vals + Upta) + (31a/ to) Vapl o (€g —205) — Valg]

+(3/¢)vata (v, — o ) cg — vp). (4.20)

(We note that the ¢, terms have cancelled out in the above equation.) After reduction
of the second-order derivatives v,g, ¢.5, We obtain the following rather simple result:
3(v—1)
B, =—4w—,/4tﬁ(vﬁ+cp)(2vavﬁ+vacg—vBc,,). (4.21)
In the particular case where v=1, which is the entropy profile o(M)x1/M?*, B,
identically vanishes and the essential result of § 3 is recovered. For arbitrary o, however,
B, will not in general vanish, still, its consideration leads to an important new result,
as we presently show.
We introduce a new quantity:

B=+(c® o)y =+V}/0. (4.22)
Its a derivative is easily obtained as

-~

+3
ch =—1 + 2 a + a - als .
pm (Vs + ) (20,05 + 0,05 — UpC, ) (4.23)
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We observe that B, and B, are proportional:
B./B.=i0"*u’(v—1) (424)

and the proportionality coefficient clearly is a Lagrangian variable, as are o, i and ».
In conclusion, the ratio B,/B, is a Lagrangian variable for arbitrary entropy
distributions.

4.2. The three-parameter class leading to Riemann invariants

In the particular case where the new Lagrangian variable is a constant

4B,/B, =k (4.25)
we obtain as new characteristic coordinates:
B =(4B—kB) (4.26)

from which a Riemann invariant, -, can be derived in the manner already illustrated
in § 3:

I = ng dg (4.27)

and of course another Riemann invariant I may also be found owing to the symmetry
of the roles played by the two variables « and .

The condition for the existence of that pair of RrI is that a second order ordinary
differential equation (oDE) be satisfied by the entropy profile o:

o *utv-1)=k (4.28)

We recall that © and v are defined by (4.2), (4.3) and (4.12). Equation (4.28) is solved
by taking

G=Q3c) V" (4.29)

as the unknown function and the best choice is to retain the Lagrangian mass coordinate
M as independent variable. In this way we find

=-3GG'(M)

v=(GG"+G?)/G" (430
and hence

(30)* (v —1)=5G"(M). (4.31)
Thus the opE (4.28) reduces to

G" = constant (4.32)
and is at once integrable in the form

G=(ay+a,M+a,M? ocx1/G* (4.33)

aq, a; and a; being arbitrary constants,
For these entropy distributions, the Euler equations present a pair of Riemann
invariants which are given by (4.27) and by another symmetrical equation.
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5. Conclusion

The Euler equations describing one-dimensional adiabatic gas flow constitute a second-
order system but generally become of fourth ordert when characteristic coordinates
are used instead of the Eulerian coordinates (r, t). There is an exception, however,
which occurs when Riemann invariants exist, in which case the characteristic formula-
tion remains second order. The original system may then be thought of as being
reduced to its simplest form, being both second order and characteristic.

There exist only two types of gas for which Riemann invariants have been known
to exist, up to now: the isentropic gas {1] and the so-called Lms gas [6, 7] which can
be reduced to the former by means of a general transformation called ( T) [2].

We present a new three-parameter entropy distribution for which Riemann
invariants are shown here to exist, assuming a polytrope y =3:

P/p’=(ag+a,M+a,M*)™*. (5.1)

We have shown in an earlier work [11] that the above entropy distribution can be
reduced by means of the transformation (T) to the simple power law profile

Pxp’/M* (5.2)

Riemann invariants are explicitly constructed here, assuming the above entropy profiles.

Appendix. Proof that ﬁ is a characteristic coordinate

The aim of this appendix is to show that ﬁ, defined by (3.4), is a characteristic
coordinate, i.e. that Ehe right-hand side of (3.5) vanishes identically. Substituting
v¥*= vt~ r, we write 8= MH,+ McH, with

H, = vgt3(cs — 1)

(A1)
H, = (vgtg5 — tUgp).
Then the condition ﬁ?a =0 is
M.,H,+ MH, ,+(Mc) H,+ McH,, =0. (A2)
The term H,, may be expanded as follows:
H), = togts(cg — vg) + vapta(Cs —20g) + Caplpl. (A3)

Note that it involves second-order mixed derivatives.
Starting from the characteristic equations (2.4) and (2.5), with y=3, b=4, it is
straightforward to establish the following reduction formulae for the mixed derivatives:

Clop = Ugly — Unlg
2CUap = UaCp + UpC, (A4)
2¢C.p = 3(Va05 + CaCp).
t The Euler equation and the continuity equation form a second-order system when Lagrangian coordinates
M, t are used and the energy equation reduces to an algebraic relation between P, p and M. On the other

hand, the characteristic system is of order four, since there are four independent characteristic equations
of first order, namely (2.4b, ¢) plus the two corresponding equations with respect to 8.
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It is also important to notice the following relations between first-order derivatives:

(vg+ca)t, = (Ve —Ca)lg (A5a)
2eM, =3M (v, —c,) (AS5b)
2(Mc),=M(Q3v, —c,). (A5¢)

Equation (A5a) can easily be derived from (2.5), supplemented by the corresponding
equation with respect to 8.

Concerning the unmixed derivatives, it is found that only two of them are indepen-
dent, i.e. we have relations of the type

(vap+Cpp) _tes  3(cs = t5) (A6)
(vgt+ecg) 1 2c

Now, taking into account (A4), the second-order derivatives may be eliminated
from the expression for H,, with the result
2¢H,, =2t,05(c — vg) + ta[ 0, (5v5 — dvpes + c5) +2¢,05(2¢5 — v5)]
hence
(2¢/ M)(MH,),=2c[H,, +(M,/M)H,]
=2t,05(cs — vg) + t5[ 0. (205 — vaes + €3) + cavp(cs + vg)]. (A7)
Subtracting from (A7) the quantity
va(eg T vg)[(cg+ vg)ta + (e, — va) 5]
which, by (ASa), is identically zero, we derive the following simple and symmetrical
result:
(2¢/ M)(MH,), = (3v5+ c5)(valg — Upty). (A8)

Next we calculate H,,, which involves the third-order derivatives 1,55, U,05. Taking
into account (A4), the latter may be reduced to the second-order derivatives fgg, Ugg,
as follows:

(Bvg —cg)
Clagg = (laVgp = Valgg) + —_Bzc £ (Vgla — Valg)
(A9)
C
2etgv,ps = (Vg + cg)[(Valps — taUpg) +?B(v,,tﬁ — vaty )]
Next we obtain
(3vg+ ¢5) (3v3+ 2
Uﬁtaﬁﬁ - IBUQBB = .__.__@.2____B_( IQUBB - vatﬁB) +_ﬁ—25)( Uﬁta - Uatﬁ) (AIO)
c 2¢
from which H,, may be computed:
H;, =(Vaplpp — tapUsp) + (Uplaps — 1alapp)
(3v, ~¢,) (3vi+cd)
= 1gvp5 - vBtBB)+—#3-—(vBta — Dylg). (A11)

In this way we obtain
(2¢/M)(McH,), = (3v, ~c,)cH,+2¢* Hs,
=(Bvi+cp)(vpla — Vatg). (A12)
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We note that even the second-order derivatives disappear altogether from the final
result. Furthermore, comparing (A8) and (A12), we obtain the desired result (A2):

(MH,), + (McH,),, =0.

That proves that E, as defined by (3.4), is a characteristic coordinate.
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